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Methods

Cox Proportional Hazards Model
• The hazard model formula depends on a baseline survival function and a set of

explanatory variables.

• Parameter estimation of the Cox proportional hazards model follows from the log-
partial likelihood.

Fine-Gray Sub-distribution Proportional Hazards Model
• The Fine-Gray model generalizes the Cox proportional hazards model to competing

risks time-to-event data that consists of more than one type of events.

• Competing risks arise when individuals can experience more than one type of event
and the occurrence of one type of event will prevent the occurrence of the others.

Massive Parallelization for Parameter Estimation with Prefix Sums and Reduction

• We identify prefix sums [3] and reductions in log-partial likelihood of Cox model
and Fine-Gray model due to the cumulative structure of the risk set.

• We avoid unnecessary memory transactions by fusing prefix sums and reductions
operations in likelihood calculations into a single kernel.

• We minimize data movements by exploiting the sparsity of the design matrix.

Figure 3: Fused kernel for maximum likelihood estimation.

Introduction

Large-scale Observational Data
• Observational databases have millions of individuals [1] with thousands of patient

characteristics and up to 10 years of data per life [2].

• Resource for comparative effectiveness and safety study.
• Survival analysis is a main statistical method in comparative effectiveness and

safety study.
• Problem: computational burden.

Figure 1: Comparative effectiveness study with cohort design.

GPU Parallelization

• Graphics processing units (GPUs) contain thousands of processor cores that can
apply the same numerical operations simultaneously to elements of large data arrays
under a “Single Instruction, Multiple Threads” (SIMT) programming paradigm.

• GPUs are relatively inexpensive, easy-to-use hardware that offers impressive
potential for speeding up computations.

Figure 2: Massive parallelization strategy for computing the likelihood.
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Figure 4: GPU vs CPU runtimes for Cox model (left) and Fine-Gray model (right). 

Antihypertensive drug classes study
• Dataset: thiazide or thiazide-like diuretics (THZ) and angiotensin-converting

enzyme inhibitors (ACEi) cohort study, reproduction of [4] in CCAE dataset.

• Cohort size: 1,065,745 hypertension patients and 7891 covariates.
• Outcome of interest: major cardiovascular events.

• GPU parallelization reduce the time of parameter estimation from 16 hours on multi-
core CPU to less than one hour.
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Scan-then-propagate.  The global scan implementations 
within CUDPP [10, 23] and Thrust [3] are examples of high-radix 
Brent-Kung data flow, recursively dispatching kernels of block-
sized scan networks followed by kernels of block-sized fan 
propagation.  Discounting the negligible I/O of inner levels, they 
incur ~4n global data movement, with the outermost kernels 
reading and writing ~n items each. 
Reduce-then-scan. The global scan implementations within 

MatrixScan [12], B40C [1], MGPU [2], and by Ha and Han [16] 
are examples of reduce-then-scan dataflow, dispatching kernels of 
block-sized reduction networks followed by kernels of block-
sized scan networks.  MatrixScan does this recursively, whereas 
the other implementations employ a raking strategy in which the 
upsweep and downsweep thread blocks process multiple input 
tiles each, necessitating only a single root scan kernel. 

As illustrated in Fig. 3, the input is partitioned evenly among 
G thread blocks, where G is the number of blocks that can be 

actively resident on the processor (and is uncorrelated to n).  In 
the first kernel, each thread block reduces the tiles of its partition 
in an iterative, serial fashion.  Then the small list of G block-
aggregates is itself scanned.  In the third kernel, each thread block 
iteratively computes a prefix scan across the tiles of its partition, 
seeded with the appropriate block-prefix computed by the scan of 
block-aggregates.  By switching the behavior of the first upsweep 
thread block from reduction to scan, Ha and Han are able to elide 
the last block of the upsweep kernel and the first block of the 
downsweep kernel.  The global data movement is ~3n (~2n items 
read, ~n items written).   
Chained-scan.  As an alternative, the chained-scan 

parallelization [27] is a single-pass approach in which thread 
blocks are each assigned a tile of input, and a serial dependence 
chain exists between thread blocks.  Each thread block will wait 
on the inclusive prefix of its predecessor to become available.  
The global data movement is ~2n (n items read, n items written).   

 
Fig. 3.  Three-kernel reduce-then-scan parallelization among G thread blocks (~3n global data movement) 

 

 
Fig. 4.  Single-pass chained-scan prefix scan among G thread blocks (~2n global data movement) 

 

 
 

Fig. 5.  Single-pass adaptive look-back prefix scan among G thread blocks (~2n global data movement) 
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Conclusions

• We implement the massive parallelization of the Cox proportional hazards model
and Fine-Gray model by using NVIDIA’s CUB library for parallel computing of
prefix sums and exploiting the sparsity of data.

• By saving data movement and clever manipulation of likelihood structure, our
parallelization significantly reduces the runtime of large-scale survival analysis.
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In our simulation experiments, GPU parallelization generates up to a 38-fold speedup for Cox model and 
a 42-fold speedup for Fine-Gray model with a fixed L1 penalty. We then test our multi-stream L1 
regularized Cox regression on simulated data with a 10-fold cross-validation with 10 repetitions. Then the 
100 cross-validation replicates are distributed to s CUDA streams allocated by s CPU threads (s = 1, 2, 4, 
8). Although our multi-stream implementation does not achieve the optimal s× speedups with s streams, 
it still reduces the runtimes remarkably, especially on the larger simulated data. 

Figure 1. GPU vs CPU runtimes for Cox model (left) and Fine-Gray model (right). 

Figure 2. Runtimes of multi-stream (threads) cross-validated Cox model on GPU (CPU). 

We examine patients initiating angiotensin-converting enzyme inhibitors (ACEi) and thiazide or thiazide-
like diuretics (THZ), where the outcome is any major cardiovascular event (acute myocardial infarction, 
hospitalization for heart failure, or stroke) from IBM MarketScan Commercial Claims and Encounters 
(CCAE) database follow the design of LEGEND-HTN study6. A total of 1,065,745 patients were included in 
our study, 71.7% of whom initiated an ACEi and 28.3% of whom initiated a THZ. We consider the main 
treatment covariate, in addition to 7891 patient characteristic covariates. Without performing propensity 
score matching or stratification, we simply run a Cox regression with L1 regularization on all baseline 
covariates. Our GPU parallelization reduce the time of parameter estimation from 16 hours on multi-core 
CPU to less than one hour. 

Conclusion 

We implement the massive parallelization of the Cox proportional hazards model and Fine-Gray model by 
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